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Γ-SUPERCYCLICITY OF FAMILIES OF TRANSLATES IN WEIGHTED
Lp-SPACES ON LOCALLY COMPACT GROUPS
ARAFAT ABBAR AND YULIA KUZNETSOVA
Abstract. Let ω be a weight function defined on a locally compact group G, 1 6 p < +∞,
S ⊂ G and let us assume that for any s ∈ S, the left translation operator Ts is continuous
from the weighted Lp-space Lp(G,ω) into itself. For a given set Γ ⊂ C, a vector f ∈ Lp(G, ω)
is said to be (Γ, S)-dense if the set {λTsf : λ ∈ Γ, s ∈ S} is dense in Lp(G, ω). In this paper,
we characterize the existence of (Γ, S)-dense vectors in Lp(G, ω) in terms of the weight and
the set Γ.
1. Introduction
Let G be a locally compact group with a left Haar measure µ, and let ω : G → R+ be
a weight on G, that is, a positive locally p-integrable function. Consider now the weighted
Lp-space, 1 6 p < +∞:
Lp(G,ω) :=
{
f : G −→ C : f measurable,
∫
G
|f(t)|pω(t)p dµ(t) <∞
}
endowed with the norm
‖f‖p,ω :=
(∫
G
|f(t)|pω(t)p dµ(t)
)1/p
.
For s ∈ G, the left translation operator Ts is defined by
(Tsf)(t) = f(s
−1t), t ∈ G, f ∈ Lp(G,ω).
It is known that Ts maps L
p(G,ω) into itself and is bounded if and only if
M(s) := ess sup
t∈G
ω(st)
ω(t)
< +∞,
and M(s) is equal to the norm of Ts in this case. Let S be a subset of G. We say that ω is
an S-admissible weight if, for all s ∈ S, M(s) < +∞. In this case the following notion makes
sense: A function f ∈ Lp(G,ω) is called S-dense if its S-orbit
OrbS(f) := {Tsf : s ∈ S}
is dense in Lp(G,ω).
Whether S-dense functions exist, depends on S and on the weight. The first criterion of the
existence of S-dense functions in this context was obtained by H. Salas in [14]: In the case G = Z
and S = N, a necessary and sufficient condition is lim inf{ω(n+ q) +ω(−n+ q) : n ∈ N} = 0 for
all q ∈ N, independently of p.
In [1], E. Abakumov and Y. Kuznetsova gave an S-density criterion in the case of a general
group G and its subset S. The (necessary and sufficient) condition involves series of local p-
norms of ω, similar to that of Theorem A below, and is in general not simplifiable. In the case
when the subgroup generated by S is abelian, the condition simplifies to the following: For
every compact set F ⊂ G and any given δ > 0, there exists s ∈ S and a compact set K ⊂ F
such that µ(F \K) < δ and ess sup
sK∪s−1K
ω < δ. This is a generalization of the result of Salas, as
well as that of W. Desch et al. [6] (G = R, S = R \R+) and C-C. Chen [4] (a single translation
operator Ts0 on L
p(G,ω)).
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An interesting necessary condition for the existence of an S-dense vector is that G needs to
be second-countable, that is, to have a countable base of topology [1, Proposition 3], which is
equivalent to saying that Lp(G,ω) is separable (Recall that S and thus the orbit of f need not
be countable).
If S is the sub-semigroup generated by a single point s0 ∈ G, then S-density is equivalent to
the hypercyclicity of Ts0 . Recall that an operator T defined on a Banach space X into itself is
hypercyclic, if there exists x ∈ X such that the orbit of x, i.e., Orb(x, T ) := {T nx : n ∈ N} is
dense in X . The result of Salas [14] is thus a criterion of hypercyclicity of the backward shift
operator on Lp(Z, ω). We refer to [2, 10, 11] for more information about hypercyclicity and
universality.
A bounded linear operator T on a Banach space X is said to be supercyclic if there exists
a vector x ∈ X whose projective orbit, i.e., Orb(Cx, T ) := {λT nx : λ ∈ C, n ∈ N} is dense in
X . A characterization of supercyclicity of weighted shift operators was also obtained by Salas
in [15], while M. Matsui et al. [13] characterized the supercyclicity of one-parameter translation
semigroups. Moreover, if S is the sub-semigroup generated by s0 ∈ G, then characterization of
supercyclicity of Ts0 was also obtained by C-C. Chen [5].
For Γ ⊂ C, Γ-supercyclicity is a recent intermediate notion between hypercyclicity and su-
percyclicity introduced in [3]. An operator T defined on a Banach space X is Γ-supercyclic if
there exists x ∈ X such that the orbit of Γx, i.e., Orb(Γx, T ) := {λT nx : λ ∈ Γ, n ∈ N} is dense
in X . Allowing a family of translation operators parametrized by a subset S ⊂ G, we come to
the following definition, which can be regarded as Γ-supercyclicity of a family of translates:
Definition 1.1. We say that f ∈ Lp(G,ω) is (Γ, S)-dense in Lp(G,ω) if its (Γ, S)-orbit, i.e.,
OrbS(Γf) := {λTsf : λ ∈ Γ, s ∈ S},
is dense in Lp(G,ω).
We have clearly a chain of implications:
S-density ⇒ (Γ, S)-density ⇒ (C, S)-density.
In particular, if Γ is reduced to a non-zero point, then S-density coincides with (Γ, S)-density.
Furthermore, if S is the sub-semigroup generated by s0 ∈ G, then (Γ, S)-density coincides with
Γ-supercyclicity of Ts0 .
Besides the case of a trivial group G = {e}, the group must be non-compact second-countable
in order to have (Γ, S)-dense vectors for some p, ω, S,Γ. This is proved in Section 2. Under the
above assumptions on the group, we get the following density criterion extending the results of
[1]. Denote, for a measurable function f on G and a subset K of G,
‖f‖p,K :=
(∫
K
|f(t)|p dµ(t)
)1/p
.
Theorem A. Let G be a second-countable locally compact non-compact group. Let S ⊂ G,
1 6 p < +∞, Γ ⊂ C be such that Γ \ {0} is non-empty, and let ω be a locally p-integrable
S-admissible weight on G. Then the following conditions are equivalent:
(1) There is a (Γ, S)-dense vector in Lp(G,ω).
(2) For every increasing sequence of compact subsets (Fn)n>1 of G of positive measure
and for every sequence (δn)n>1 of positive numbers, there are sequences (sn)n>1 ⊂ S,
(λn)n>1 ⊂ Γ \ {0} and a sequence of compact subsets Kn ⊂ Fn such that the sets s−1n Fn
are pairwise disjoint, µ(Fn \Kn) < δn and∑
n,k>0;n6=k
|λn|p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
< +∞,
with s0 = e being the identity, λ0 = 1 and K0 = ∅.
This theorem is stated again, with yet another equivalent condition, and proved in Section 4.
In [16], S. Shkarin proved the equivalence of R+-supercyclicity and supercyclicity. By Theo-
rem A, we obtain the following generalization of this result as a corollary:
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Corollary 1.2. Let |Γ| denote the set {|λ| : λ ∈ Γ}. Lp(G,ω) has a (Γ, S)-dense vector if and
only if it has a (|Γ|, S)-dense vector. In particular, Lp(G,ω) has an (R+, S)-dense vector if and
only if it has a (C, S)-dense vector.
Let T be an operator on a Banach space X . If Γ ⊂ C is such that Γ \ {0} is non-empty,
bounded and bounded away from zero, we know that T is Γ-supercyclic if and only if T is
hypercyclic [3]. Here we have the following similar result for a family of translation operators:
Corollary 1.3. If Γ\{0} is bounded and bounded away from zero, then Lp(G,ω) has an S-dense
vector if and only if it has a (Γ, S)-dense vector.
If Γ is unbounded or zero is its limit point, then Lp(G,ω) may have a (Γ, S)-dense vector,
but no S-dense vectors, see Example 4.2.
If the subgroup generated by S is abelian, Theorem A simplifies to the following, under the
same assumptions on p,G, S,Γ and ω as in Theorem A:
Theorem B. If the subgroup generated by S is abelian, then the following conditions are equiv-
alent:
(1) There is a (Γ, S)-dense vector in Lp(G,ω).
(2) For any compact subset F ⊂ G and ε > 0, there are s ∈ S, λ ∈ Γ \ {0} and a compact
subset E ⊂ F such that µ(F \ E) < ε and
|λ|ess sup
t∈E
ω(st) < ε and
1
|λ|
ess sup
t∈E
ω(s−1t) < ε.
For the proof of Theorem B, with an additional equivalent condition, see Section 6. It is
worth mentioning that the condition (2) above does not depend on p, but we need the usual
assumption of local p-summability of ω which does depend on p.
In the case where Γ is equal to one of these sets: the complex plane, [0, 1], [1,+∞[, or
a set which is bounded and bounded away from zero, we get a complete characterization of
(Γ, S)-density only in terms of the weight, see Corollary 6.2.
And finally, in the case when all translations are bounded (and not only by s ∈ S), the
criterion is as follows:
Proposition 1.4. Let G be abelian and let ω be a continuous G-admissible weight. Then there
is a (Γ, S)-dense vector in Lp(G,ω) if and only if there exist two sequences (sn)n>1 ⊂ S and
(λn)n>1 ⊂ Γ \ {0} such that
lim
n→+∞
max
{
|λn|ω(sn) ;
1
|λn|
ω(s−1n )
}
= 0.
Proposition 1.4 is a consequence of Proposition 5.4 below when G is abelian. In the case
where G is abelian, and Γ is equal to one the particular mentioned above sets, we get a complete
characterization of (Γ, S)-density only in terms of the weight, see Corollary 5.5.
2. Restrictions on the group
It has been shown in [1] that S-dense vectors can exist in Lp(G,ω) only if G is non-compact
second-countable. For (Γ, S)-density, the restrictions are the same, even if the proofs have to be
changed.
In this section and further on we denote by χK the characteristic function of a set K, and
by e the identity of G.
Lemma 2.1. Let X be a non-separable Banach space and let 0 < M < 1. Then there exist an
uncountable set {xα}α∈I ⊂ X of norm 1 vectors such that for all α1, ..., αn ∈ I and c1, ..., cn ∈
C \ {0},
‖
n∑
i=1
cixαi‖ > M min{|ci| : 1 6 i 6 n}.
Proof. This is an easy application of Zorn’s lemma and Riesz’s lemma: note that ‖
∑n
i=1 cixαi‖ >
|ck|dist(xαk , span{xαi : k 6= i ∈ {1, . . . , n}} for every k = 1, . . . , n. 
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Proposition 2.2. If for some p, S, and ω there exists a (C, S)-dense vector in Lp(G,ω), then
G is second-countable which is equivalent to saying that Lp(G,ω) is separable.
Proof. According to [17, Theorem 2], we have G is second-countable if and only if Lp(G) is
separable, and the same is valid for Lp(G,ω) since this space is isometrically isomorphic to
Lp(G).
Suppose that Lp(G,ω) is not separable but f ∈ Lp(G,ω) is a (C, S)-dense vector. According
to Lemma 2.1, there exists an uncountable set {fα}α∈I ⊂ Lp(G,ω) such that ‖fα‖p,ω = 1 for
all α and
‖
n∑
i=1
cifαi‖p,ω >
9
10
min{|ci| : 1 6 i 6 n}
for all α1, ..., αn ∈ I and c1, ..., cn ∈ C\{0}. We can approximate fα so that ‖fα−λαTsαf‖p,ω <
1
10
, with sα ∈ S and λα ∈ C \ {0}. We can choose δ > 0 such that δ < |λα| < 2δ for an
uncountable set of α. Now we have
‖λ−1α fα − Tsαf‖p,ω <
1
10|λα|
<
1
10δ
,
and
‖Tsαf − Tsβf‖p,ω > ‖
1
λα
fα −
1
λβ
fβ‖p,ω −
1
5δ
>
9
10
min{
1
|λα|
,
1
|λβ |
} −
1
5δ
>
1
4δ
.
The rest of the proof repeats exactly the proof of [1, Lemma 2]. 
Proposition 2.3. If G is a nontrivial compact group, then the space Lp(G,ω) has no (Γ, S)-
dense vectors for any Γ, ω, S, p.
Proof. Suppose that Lp(G,ω) has a (Γ, S)-dense vector f . Scale the Haar measure so that
µ(G) = 1. Fix ε ∈ (0, 1/12). There is δ > 0 such that µ(Eδ) > 1− ε where Eδ = {t ∈ G : ω(t) >
δ}. There exist s1 ∈ S and γ1 ∈ Γ such that ‖χG − γ1Ts1f‖p,ω < εδ. Then
δpεp >
∫
Eδ
δp|1− γ1f(s
−1
1 t)|
pdµ(t),
so that ∫
s−1
1
Eδ
|1− γ1f(t)|
pdµ(t) < εp.
It is clear that no nontrivial finite group satisfies the assumptions of the Proposition, thus µ
has no atoms. We know that G is second-countable, thus e has a countable base of neighbour-
hoods (Un) and one can assume them decreasing; there exists Un with µ(Un) < ε. By using
compactness and taking a finite number of translations of Un (all of the same measure < ε),
one finds E ⊂ G such that 1/2 − ε < µ(E) < 1/2 + ε. Let now s2 ∈ S, γ2 ∈ Γ be such that
‖χG\E − γ2Ts2f‖p,ω < δε. As above, this implies
δpεp >
∫
Eδ∩E
δp|γ2|
p|f(s−12 t)|
pdµ(t),
so that ∫
s−1
2
(Eδ∩E)
|γ2f(t)|
pdµ(t) < εp,
and ∫
s−1
2
(Eδ\E)
|1− γ2f(t)|
pdµ(t) < εp.
Denote A = s−11 Eδ, B = s
−1
2 (Eδ∩E), C = s
−1
2 (Eδ\E). Now µ(A∩B) > 1−µ(G\A)−µ(G\B) >
1− ε− 1/2− 2ε = 1/2− 3ε, and similarly µ(A ∩ C) > 1/2− 2ε. At the same time (the norms
below are unweighted),
µ(A ∩B)1/p = ‖χA∩B‖p 6 ‖χA∩Bγ1f‖p + ‖χA∩B(1− γ1f)‖p <
|γ1|
|γ2|
ε+ ε,
Γ-SUPERCYCLICITY OF FAMILIES OF TRANSLATES 5
so if we denote z = γ1/γ2 then ε|z| > (1/2− 3ε)1/p − ε > 1/2− 4ε > 1/6 by the choice of ε and
|z| > 1/(6ε). In particular, |z| > 2. On the other hand,
µ(A ∩ C)1/p
∣∣∣1− γ1
γ2
∣∣∣ = ‖χA∩C(1− γ1
γ2
)
‖p
6 ‖χA∩C(1− γ1f)‖p + ‖χA∩C
γ1
γ2
(1− γ2f)‖p < ε+
|γ1|
|γ2|
ε,
whence similarly |1−z|/4 < ε(1+|z|) and |z| < 1+4ε(1+|z|) which implies |z| < (1+4ε)/(1−4ε).
This is however incompatible with |z| > 2. This contradiction proves the proposition. 
3. Continuity of translations
The condition for the translation operator Ts to be continuous was given in the introduction.
The question of continuity of the map S → Lp(G,ω), s 7→ Tsf for fixed f is more delicate.
Let Cc(G) denote the space of continuous functions on G with compact support. On this
space, no problem occurs. In a standard way (similarly to [12, Theorem (20.4)], using uniform
continuity of f and local p-summability of ω), one proves the following
Proposition 3.1. Let G be a locally compact group, 1 6 p < +∞, and let ω be a G-admissible
weight on G. Then for every f ∈ Cc(G) the map
G −→ Lp(G,ω)
s 7−→ Tsf
is continuous.
If ω is a G-admissible weight (all translations are bounded), the map in question is still
continuous for any f ∈ Lp(G,ω):
Theorem 3.2. Let G be a locally compact group, 1 6 p < +∞, and let ω be a G-admissible
weight on G. Then for every f ∈ Lp(G,ω) the map
G −→ Lp(G,ω)
s 7−→ Tsf
is continuous.
Proof. It is known [8, Theorem 2.7] that every G-admissible locally summable weight ω is
equivalent to a continuous weight ω˜, in the sense that there exists C > 0 such that 1/C 6
ω(t)/ω˜(t) 6 C for all t ∈ G. For ω locally p-summable the same is true of course. We can thus
assume that ω is continuous.
Set M(s) := sup
t∈G
ω(st)
ω(t)
for every s ∈ G. According to [7, Proposition 1.16], M(s) is locally
bounded on G. Fix f ∈ Lp(G,ω). Let s0 ∈ G and ε > 0. Since G is locally compact, there
exists an open neighborhood W of e whose closure is compact. Let δ > 0 such that(
‖Ts0‖+ 1 + sup
s∈s0W
M(s)
)
δ < ε.
Since ω is continuous, the space Cc(G) is dense in L
p(G,ω), hence, there exists φ ∈ Cc(G) such
that
‖f − φ‖p,ω < δ.
By Proposition 3.1, there exists a symmetric open neighborhood U of e whose closure is compact
such that
‖Ts0φ− Tsφ‖p,ω < δ for every s ∈ s0U.
Let V = U ∩W , then V is an open neighborhood of e. Fix s ∈ s0V . Thus ‖Ts0φ− Tsφ‖p,ω < δ
and ‖Tsφ− Tsf‖p,ω < δ sup
s∈s0W
M(s). Hence
‖Ts0f − Tsf‖p,ω 6 ‖Ts0f − Ts0φ‖p,ω + ‖Ts0φ− Tsφ‖p,ω + ‖Tsφ− Tsf‖p,ω
< (‖Ts0‖+ 1 + sup
s∈s0W
M(s))δ < ε.

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With a weight as above, it is not difficult to show the following “non-compactness” of trans-
lations, necessary in the sequel:
Proposition 3.3. Let G be a locally compact non-trivial group, S ⊂ G, 1 6 p < +∞, and let
Γ ⊂ C be such that Γ\{0} is non-empty. If ω is a G-admissible weight on G and f ∈ Lp(G,ω)
is a (Γ, S)-dense vector, then for every compact set K ⊂ G, f is also a (Γ, S \K)-dense vector
in Lp(G,ω).
Proof. As pointed out above, we can assume that ω is continuous. Since G is not a finite group,
Lp(G,ω) is infinite-dimensional. By Theorem 3.2, the set {Tsf : s ∈ K} is compact in Lp(G,ω),
thus the set C{Tsf : s ∈ K} is nowhere dense. Hence
Lp(G,ω) = intOrbS(Γf) \ C{Tsf : s ∈ K} = intOrb(S\K)(Γf),
which implies that f is a (Γ, S \K)-dense vector in Lp(G,ω). 
However, if translations Ts are bounded only for s in a subset S ⊂ G, then the translation
map s 7→ Tsf may be discontinuous on S. This explains the need of the long Lemma 3.5 below.
In the following example, we construct a continuous weight on R, prove first that it is R+-
admissible, and then demonstrate a function f ∈ Lp(R, ω) such that Tsf 6→ f = T0f as s→ 0.
Example 3.4. Set G = R, S = R+ and an = n! for n > 2. Define the weight as
ω(t) :=


1 if t 6 0 or t ∈ [an−1 + 1, an − n], n > 3
2t−(an−n) if t ∈ [an − n, an − 1]
2n−1 if t ∈ [an − 1, an − 1/2]
1 + (2n − 2)(an − t) if t ∈ [an − 1/2, an]
1 + (2n − 1)2n(t− an) if t ∈ [an, an + 2−n]
1
t− an
if t ∈ [an + 2−n, an + 1]
This weight is thus equal to 1 at an and “far from” any an; around an, it has two peaks:
one on the left, with the maximum value 2n−1 taken on a whole segment [an− 1, an− 1/2], and
another on the right, with the maximum 2n taken in an + 2
−n. It is clear that ω is continuous.
Claim 1. ω is an R+-admissible weight.
Proof. Set
M(s) = sup
t∈R
ω(s+ t)
ω(t)
.
One can notice that for s < 0,
M(s) > sup
n>2
ω(an + 2
−n)
ω(an + 2−n − s)
> sup
n>2
2n = +∞.
Suppose 0 < s < 1 and let n be such that 2−n−1 < s 6 2−n. Clearly
M(s) >
ω(an + s)
ω(an)
= 1 + (22n − 2n)s > 22n−1s >
1
2s
.
Let us show that in fact M(s) 6 2/s. To estimate M(s), let us consider all possible cases for
t ∈ R.
• If t 6 an+1 − (n + 1), then ω(t) and ω(t+ s) are between 1 and 2n, so that their ratio
is bounded by 2n.
• If t ∈ [am −m, am − 1− s] for m > n, then
ω(t+ s)
ω(t)
= 2s 6 2.
• If t ∈ [am − 1− s, am − 1/2] for m > n, then
ω(t+ s)
ω(t)
6
2m−1
2m−1−s
= 2s 6 2.
• If t ∈ [am − 1/2, am − s] for m > n, then ω(t+ s) 6 ω(t) and
ω(t+ s)
ω(t)
6 1.
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• If t ∈ [am − s, am + 2−m − s] for m > n, denote u = am − t. We have u ∈ [s− 2−m, s],
and
ω(t+ s)
ω(t)
=
1 + (2m − 1)2m(t+ s− am)
1 + (2m − 2)(am − t)
=
1 + (2m − 1)2m(s− u)
1 + (2m − 2)u
=: P (u).
P is a decreasing function of u on [s− 2−m, s], hence
ω(t+ s)
ω(t)
6 P (s− 2−m) =
2m
2ms− 2s+ 2−m+1
6
2m
(2m − 2)s
6
1
2s
.
• If t ∈ [am− s+2
−m, am] for m > n, denote again u = am− t. We have u ∈ [0, s− 2
−m],
and
ω(t+ s)
ω(t)
=
1
[1 + (2m − 2)(am − t)](t + s− am)
=
1
Q(u)
,
where Q(u) := (1 + (2m − 2)u)(s − u). It is easy to see that Q is a concave function,
and thus its minimum on any segment is attained at one of its ends. On [0, s − 2−m],
we have Q(0) = s and
Q(s− 2−m) = s+ 21−2m − 21−ms > (1− 21−m)s >
s
2
,
as we suppose m > n > 1. It follows that
ω(t+ s)
ω(t)
=
1
Q(u)
6
2
s
.
• If t ∈ [am, am + 2−m] with m > n, denote u = t− am ∈ [0, 2−m]. We have
ω(t+ s)
ω(t)
=
1
(t+ s− am)(1 + (2m − 1)2m(t− am))
= R(u),
where R(u) :=
1
(s+ u)((22m − 2m)u+ 1)
. Then R is decreasing on [0, 2−m], hence
ω(t+ s)
ω(t)
6 R(0) =
1
s
.
• If t ∈ [am + 2−m, am + 1], then ω(t+ s) 6 ω(t).
Taking maximum of these estimates, we arrive at M(s) 6
2
s
.
Being finite on [0, 1) and submultiplicative,M is finite on [0,∞) so that ω is an R+-admissible
weight. 
Claim 2. There exists f ∈ Lp(R, ω) such that ‖f − Tsf‖p,ω 6→ 0, s→ 0.
Proof. Set f =
∑∞
k=2
χ[ak−2−k,ak]. Check first that its p, ω-norm is finite:
‖f‖pp,ω =
∞∑
k=2
∫ ak
ak−2−k
(
1 + (2k − 2)(ak − t)
)p
dt
6
∞∑
k=2
2−k(1 + (2k − 2)2−k)p <∞.
If s = 2−n, 2 6 n ∈ N, then Tsf =
∑∞
k=2
χ[ak−2−k+2−n,ak+2−n]; it equals 1 on [an, an + 2
−n]
while f vanishes on this segment. Thus
‖f − Tsf‖
p
p,ω >
∫ an+2−n
an
ω(t)pdt =
∫ an+2−n
an
(
1 + (2n − 1)2n(t− an)
)p
dt
> 2p(n−1)+pn
∫ 2−n
0
tpdt =
1
(p+ 1)2p
22pn2−n(p+1) =
1
(p+ 1)2p
2n(p−1)
which is constant if p = 1 and tends to infinity as n→∞ if p > 1. 
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The following lemma will be used in the proof of Theorem A.
Lemma 3.5. Let G be a locally compact non-compact group, S ⊂ G, 1 6 p < +∞, and ω an
S-admissible weight. Let f be a (Γ, S)-dense vector in Lp(G,ω). Then for every compact set
K ⊂ G of positive measure, any ε > 0, λ ∈ C \ {0} and every compact set L ⊂ G there are
γ ∈ Γ, s ∈ S \ L such that ‖γTsf − λχK‖p,ω < ε.
Proof. We can scale the Haar measure if necessary to have µ(K) = 1. There is clearly C > 0
such that for KC := {t ∈ K : ω(t) > 1/C} we have µ(KC) >
3
4
. Increasing L if necessary, we
can suppose that e ∈ L = L−1. We can also take ε > 0 small enough to guarantee 4ε < ‖λχK‖p,ω
and 2Cε < |λ|.
Suppose the contrary, that is, ‖λχK − γTsf‖p,ω > ε for every γ ∈ Γ, s ∈ S \ L. Let us prove
the following
Claim. There existsM > 0 such that for all γ ∈ Γ and s ∈ S satisfying ‖λχK−γTsf‖p,ω < ε,
we have s ∈ L and |γ| > ξ with ξ :=M−1(|λ| − 21/pCε) > 0.
Proof of the claim. There exists M > 0 such that the set XM = {t ∈ LK : |f(t)| > M} has
measure less than
1
10
µ(KC). Let γ ∈ Γ and s ∈ S be such that ‖λχK − γTsf‖p,ω < ε. By
assumption we have s ∈ L and
εp > ‖λχK − γTsf‖
p
p,ω >
∫
KC
|λ− γf(s−1t)|pω(t)p dµ(t)
> C−p
∫
KC
|λ− γf(s−1t)|p dµ(t) > C−p
∫
(s−1KC)\XM
|λ− γf(t)|p dµ(t).
If |γ|M < |λ|, then
εp > C−p
∫
(s−1KC)\XM
(|λ| − |γ|M)p dµ(t)
> C−p(|λ| − |γ|M)p(µ(KC)− µ(XM ))
>
9µ(KC)
10Cp
(|λ| − |γ|M)p >
1
2Cp
(|λ| − |γ|M)p,
which implies
|γ| > M−1(|λ| − 21/pCε) =: ξ > 0
If |γ|M > |λ| then also |γ| > ξ, since ξ <
|λ|
M
. 
The set LK is compact, so its measure is finite; pick N ∈ N with µ(LK) < N/2. Set
r := max{1, ‖χK‖p,ω} and λj = λ+ jε/2Nr, j = 0, ..., N − 1.
For j = 0, ..., N − 1 we choose δj > 0, γj ∈ Γ, sj ∈ S such that
‖λjχK − γjTsjf‖p,ω < δj .
The choice of δj is specified later, but it will be less than ε/4. Since
‖λχK − γjTsjf‖p,ω < δj + |λ− λj |‖χK‖p,ω < δj +
ε
2r
< ε,
by the claim we have sj ∈ L and |γj | > ξ. Moreover, we have∫
KC
|λj − γjf(s
−1
j t)|
p dµ(t) < Cp
∫
KC
ω(t)p|λj − γjf(s
−1
j t)|
p dµ(t)
6 Cp‖λjχK − γjTsjf‖
p
p,ω < C
pδpj .
Set Kj := {t ∈ KC : |λj − γjf(s
−1
j t)| > 4
1/pδjC}. By trivial estimates,
Cpδpj >
∫
Kj
|λj − γjf(s
−1
j t)|
p dµ(t) > 4Cpδpjµ(Kj),
so that
µ(Kj) <
1
4
.
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For t ∈ K ′j := s
−1
j (KC \Kj) we have the estimate
|f(t)−
λj
γj
| < 41/pC
δj
|γj |
< 41/pC
δj
ξ
and µ(K ′j) > µ(KC)−µ(Kj) >
1
2
. The aim is to choose δj so that these sets are pairwise disjoint.
For this, it is sufficient to choose δj so that the disks Bj := {z ∈ C : |z−λj/γj| < 41/pCδj/ξ} are
pairwise disjoint. Suppose by induction that this is done for k < j. Set δj = min{δk : k < j}.
If Bj ∩ (∪k<jBk) = ∅, then we are done. If not, divide δj by 2 and pick γj ∈ Γ, sj ∈ S
accordingly. If we still have Bj ∩ (∪k<jBk) 6= ∅, continue in the same way. Either we arrive at
an empty intersection on some step — in this case we can pass to the next j — or we continue
infinitely and get a sequence γj,n ∈ Γ, sj,n ∈ S such that ‖λjχK−γj,nTsj,nf‖p,ω → 0 as n→∞.
According to the Claim, we have sj,n ∈ L and |γj,n| > ξ, so that∫
s−1j,n(G\K)
|f(t)|pω(sj,nt)
p dµ(t) =
∫
G\K
|(Tsj,nf)(t)|
pω(t)p dµ(t)
6 ‖
λj
γj,n
χK − (Tsj,nf)(t)‖
p
p,ω
6
1
ξ
‖λjχK − γj,nTsj,nf‖p,ω → 0.
Since G \ LK ⊂ s−1j,n(G \K), we have∫
G\LK
|f(t)|pω(sj,nt)
p dµ(t)→ 0 as n→∞. (3.1)
This is an exercise to show that (3.1) implies f ≡ 0 on G \ LK. [ If not, there is a compact set
F ⊂ G \ LK of positive measure and δ > 0 such that |f | > δ on F . Recall that sj,n ∈ L for
every j, n. Pick δ1 > 0 such that the set D = {t ∈ LF : ω(t) 6 δ1} has measure µ(D) <
1
10µ(F ).
Now ∫
F
|f(t)|pω(sj,nt)
pdµ(t) >
∫
F\s−1j,nD
δpδp1dµ(t)
> δpδp1
(
µ(F )− µ(D)
)
>
9
10
δpδp1µ(F )
and cannot tend to 0.]
But now it is easy to show that f cannot be (Γ, S)-dense. Indeed, let g ∈ G be such that
LKK−1g∩LKK−1 = ∅. For every s ∈ G we have then either s−1K∩LK = ∅ or s−1gK∩LK = ∅.
In the first case, Tsf vanishes on K, and in the second case, on gK. For all γ ∈ Γ and s ∈ S,
we have then
‖χK + χgK − γTsf‖
p
p,ω >
∫
K
|1− γTsf |
pωp +
∫
gK
|1− γTsf |
pωp
> min
{∫
K
ωp,
∫
gK
ωp
}
so that γTsf cannot approximate χK + χgK arbitrarily well.
This shows that the choice of required δj is always possible, yielding the pairwise disjoint sets
K ′j. It follows that µ(∪K
′
j) >
N
2
> µ(LK), in particular, ∪K ′j * LK. But by assumption, we
have K ′j ⊂ s
−1
j K ⊂ LK for every j. This contradiction proves the lemma. 
Remark 3.6. This lemma implies that in case of existence of (Γ, S)-dense vectors, not only
G cannot be compact, but also S cannot be contained in a compact subset of a non-compact
group G.
4. Proof of Theorem A
From now on, we assume that G is a second-countable locally compact non-compact group,
S ⊂ G, 1 6 p < +∞, Γ ⊂ C is such that Γ \ {0} is non-empty, and ω is a locally p-integrable
S-admissible weight on G.
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Theorem A. The following conditions are equivalent:
(1) There is a (Γ, S)-dense vector in Lp(G,ω).
(2) For every increasing sequence of compact subsets (Fn)n>1 of G of positive measure
and for every sequence (δn)n>1 of positive numbers, there are sequences (sn)n>1 ⊂ S,
(λn)n>1 ⊂ Γ \ {0} and a sequence of compact subsets Kn ⊂ Fn such that the sets s
−1
n Fn
are pairwise disjoint, µ(Fn \Kn) < δn and∑
n,k>0;n6=k
|λn|p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
< +∞,
with s0 = e, λ0 = 1 and K0 = ∅.
(3) For every N > 1, there exist N vectors {f1, ..., fN} ⊂ Lp(G,ω) such that the set
{λ(Tsf1, ..., TsfN ) : λ ∈ Γ, s ∈ S}
is dense in the direct sum of N copies of Lp(G,ω).
Proof of Theorem A. Firstly, it is clear that (3) ⇒ (1). Let us show that (1) ⇒ (2). Assume
that s0 = e, λ0 = 1 and K0 = ∅. We can suppose that the sequence (δn)n>1 is decreasing
with
∑
k>1 δk < +∞ and δk < µ(Fk). For each k > 1, there exist a compact set F
′
k ⊂ Fk and
0 < ck <
1
4 such that µ(Fk \ F
′
k) <
δk
2
and
ess inf
t∈F ′
k
ω(t) > ck , ess sup
t∈F ′
k
ω(t) 6 c−1k . (4.1)
Let f ∈ Lp(G,ω) be a (Γ, S)-dense vector. According to Lemma 3.5, there exist two sequences
(sk)k>1 ⊂ S and (λk)k>1 ⊂ Γ \ {0} such that, for each k > 1, we have
‖2χF ′
k
− λkTskf‖
p
p,ω < c
2p
k δk, (4.2)
and s−1k Fk ∩ s
−1
j Fj = ∅ for every 1 6 j < k. By (4.1) and (4.2), we get
c2pk δk >
∫
F ′
k
|λk(Tskf)(t)− 2|
pω(t)p dµ(t) > cpk
∫
F ′
k
|λk(Tskf)(t)− 2|
p dµ(t),
that is
‖λkTskf − 2χF ′k‖
p
p,F ′
k
< cpkδk <
δk
4p
< δk.
Set K ′k := {t ∈ F
′
k : |λkf(s
−1
k t)| > 1}. It follows that
δk
4
> cpkδk >
∫
F ′
k
\K′
k
|2− λkf(s
−1
k t)|
p dµ(t) > µ(F ′k \K
′
k),
There exists a compact subset Kk ⊂ K ′k such that µ(K
′
k \Kk) <
δk
4
. According to the above
estimates, we get µ(Fk \Kk) < δk. Moreover,∑
k>0
1
|λk|p
‖ω‖p
p,s−1
k
Kk
6
∑
k
∫
s−1
k
Kk
ω(t)p|f(t)|p dµ(t) 6 ‖f‖pp,ω < +∞. (4.3)
Fix n > 1. Note that, for every k 6= n and t ∈ sns
−1
k Kk, we have t ∈ G\K
′
n and |λk(Tsnf)(t)| >
1. Moreover, the sets sns
−1
k Kk are pairwise disjoint. Hence∑
k,k 6=n
|λn|p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
6
∑
k,k 6=n
∫
sns
−1
k
Kk
ω(t)p|λn(Tsnf)(t)|
p dµ(t)
6
∫
G\K′n
ω(t)p|λn(Tsnf)(t)|
p dµ(t)
6 c−pn
∫
F ′n\K
′
n
|λn(Tsnf)(t)|
p dµ(t)
+
∫
G\F ′n
ω(t)p|2χF ′n − λn(Tsnf)(t)|
p dµ(t)
6 c−pn µ(F
′
n \K
′
n) + ‖2χF ′n − λnTsnf‖
p
p,ω
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< δn + c
2p
n δn < 2δn. (4.4)
According to (4.3) and (4.4) and since
∑
n>1 δn < +∞, we obtain that the series in the condition
(2) of Theorem A converges.
(2)⇒ (3). Without loss of generality we can assume that N = 2. Since Lp(G,ω) is separable,
there exists a countable sequence {(pn, qn) : n > 1} ⊂ K(G)×K(G) dense in Lp(G,ω)×Lp(G,ω)
(where K(G) is the set of essentially bounded functions on G with compact support). Let
{(gn, hn) : n > 1} be a sequence composed by the terms (pn, qn) so that each term appears
infinitely many times.
Set Fn := ∪nk=1Sk where Sk := supp gk ∪ supphk and αn := max {‖gn‖
p
∞, ‖hn‖
p
∞}. Let also
(δ′n) be a decreasing sequence such that 0 < δ
′
n < α
−1
n 2
−n. Since ‖ω‖pp,Fn < +∞ for every n > 1,
there exists a positive decreasing sequence (rn)n>1 such that ‖ω‖
p
p,E < δ
′
n for every E ⊂ Fn
satisfying µ(E) < rn. Set δn = min(rn; δ
′
n) > 0.
By assumption, there exist (sn)n>1 ⊂ S, (λn)n>1 ⊂ Γ \ {0}, and Kn ⊂ Fn such that the sets
s−1n Fn are pairwise disjoint, µ(Fn \Kn) < δn and∑
k>0
ak < +∞ where ak =
∑
n;n6=k
|λn|p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
with s0 = e, λ0 = 1 and K0 = ∅. Hence ak −→
k→+∞
0, thus there exists a subsequence (alk)k>0 of
(ak)k>0 (with l0 = 0, lk > k) such that
∑
k>1 αkalk < +∞. We can also choose lk so that the
pair (glk , hlk) is the same as (gk, hk) for every k > 1. We then have∑
n,k;n6=k
αk
|µn|p
|µk|p
‖ω‖p
p,tnt
−1
k
Ek
< +∞ (4.5)
where tn = sln , µn = λln and Ek = Klk . Moreover, the sets t
−1
n En are pairwise disjoint, and
for every n > 1, µ(Sn \ En) 6 µ(Fln \Kln) < δln 6 δn. So, the series
f1 :=
∑
k>0
1
µk
Tt−1
k
(gkχEk) and f2 =:
∑
k>0
1
µk
Tt−1
k
(hkχEk),
are convergent. Indeed, according to (4.5), we get
‖f1‖
p
p,ω 6
∑
k
1
|µk|p
∫
t−1
k
Ek
ω(t)p|gk(tkt)|
pdt 6
∑
k
αk
1
|µk|p
‖ω‖p
p,t−1
k
Ek
< +∞.
Similarly, one can check that ‖f2‖pp,ω <∞. To finish the proof, we have to show that ‖µn(Ttnf1, Ttnf2)−
(gn, hn)‖ −→
n→+∞
0. Note that, for any n > 1 and i 6= j such that i, j 6= n, we have tnt
−1
i Ei ∩
tnt
−1
j Ej = ∅ and Fn ∩ tnt
−1
i Ei = ∅. Now, for n > 1, we have
‖µnTtnf1 − gn‖
p
p,ω =
∑
k,k 6=n
|µn|p
|µk|p
‖Ttnt−1k
(gkχEk)‖
p
p,ω + ‖gn(χEn − 1)‖
p
p,ω
6
∑
k,k 6=n
|µn|
p
|µk|p
‖gk‖
p
∞‖ω‖
p
p,tnt
−1
k
Ek
+ ‖gn‖
p
∞‖ω‖
p
p,supp(gn)\En
6
∑
k,k 6=n
|µn|p
|µk|p
αk‖ω‖
p
p,tnt
−1
k
Ek
+ αnδ
′
ln
6 εn + 2
−n,
where
εn :=
∑
k;k 6=n
|µn|p
|µk|p
αk‖ω‖
p
p,tnt
−1
k
Ek
.
Similarly, ‖µnTtnf2 − hn‖
p
p,ω 6 εn + 2
−n. By (4.5), we get εn → 0. Hence,
‖µnTtnf1 − gn‖p,ω + ‖µnTtnf2 − hn‖p,ω 6 2(2
−n + εn)
1/p −→
n→+∞
0.

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Remark 4.1. If G is a countable discrete group, then in condition (2) of Theorem A we can
suppose that the set Kn is equal to Fn.
The (Γ, S)-density condition, for Γ unbounded or unbounded away from zero, is strictly
weaker than just S-density, as can be seen on the following example.
Example 4.2. Let G = Z, let S = (nk)n>1 be a strictly increasing sequence of positive integers,
let 1 6 p < +∞ and let Γ ⊂ C be such that Γ \ {0} is non-empty. Suppose that one of the
following conditions holds:
(1) Γ is unbounded and
ω(n) =
{
2−n if n > 0
1 if n 6 0
.
(2) 0 is a limit point of Γ and
ω(n) =
{
1 if n > 0
2n if n 6 0
.
Then ω is a Z-admissible weight such that Lp(Z, ω) has a (Γ, S)-dense vector, but has no S-dense
vectors.
Proof. We prove the case (1) only, and the case (2) is proved similarly. It is clear that ω is
Z-admissible. Since inf
n∈N
max(ωn, ω−n) = 1 6= 0, it follows from [1, Corollary 13] that Lp(Z, ω)
has no S-dense vector. Let us show that the condition (2) of Theorem A holds. Let (Fn)n>1
be an increasing sequence of finite sets of Z. For every n ∈ N, set Dn := max{t : t ∈ Fn},
dn := min{t : t ∈ Fn}, s0 = 0, λ0 = 1 and F0 = ∅. We denote by card(F ) the cardinality of a
set F . By induction, we construct a subsequence (sn)n>1 ⊂ S and a sequence (λn)n>1 ⊂ Γ\{0}
such that for every k = 0, 1, ..., n− 1,
(1)
|λk|p
|λn|p
card(Fn) <
1
2n
(this choice of λn is possible since Γ is unbounded);
(2) Dn + sk − dk < sn;
(3)
|λn|p
|λk|p
card(Fn)ω(dn + sn − sk)p <
1
2n
(when choosing sn, both (2) and (3) can be
satisfied since ω(n)→ 0 as n→ +∞).
It is clear that condition (2) implies that (Fk − sk) ∩ (Fn − sn) = ∅ for every k < n. Since ω is
decreasing and bounded by 1, Fk ⊂ Fn for every k < n, we have∑
n,k>0;n6=k
|λn|p
|λk|p
‖ω‖pp,Fk+sn−sk =
∑
n>0
∑
k 6=n
|λn|p
|λk|p
∑
t∈Fk
ω(t+ sn − sk)
p
6
∑
n>0
(∑
k<n
|λn|p
|λk|p
∑
t∈Fn
ω(t+ sn − sk)
p +
∑
k>n
|λn|p
|λk|p
card(Fk)
)
6
∑
n>0
(∑
k<n
|λn|p
|λk|p
card(Fn)ω(dn + sn − sk)
p +
∑
k>n
|λn|p
|λk|p
card(Fk)
)
<
∑
n>0
( ∑
06k<n
1
2n
+
∑
k>n
1
2k
)
(by (1) and (3))
=
∑
n>0
( n
2n
+
1
2n
)
< +∞.
This proves that Lp(Z, ω) has a (Γ, S)-dense vector. 
5. Sufficient conditions
The condition of Theorem A is universal, but sometimes difficult to check. It is therefore
convenient to have simpler sufficient conditions, even if they are more restrictive. We make on
G,S, p,Γ, ω the same assumptions as in Section 4.
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Theorem 5.1. If for every compact subset K of G and for all ε, δ > 0, there exist s ∈ S ,
λ ∈ Γ \ {0} and a compact subset E ⊂ K such that µ(K \ E) < δ and
|λ| ess sup
sE
ω < ε and
1
|λ|
ess sup
s−1E
ω < ε,
then Lp(G,ω) has a (Γ, S)-dense vector.
For the proof, we need the following lemma.
Lemma 5.2. Under the assumptions of Theorem 5.1, s can be chosen outside any given compact
set L.
Proof. Fix a compact subset L of G. Assume, towards a contradiction, that for some ε, δ > 0
the assumptions of Theorem 5.1 are only satisfied if s ∈ S ∩ L. This implies in particular that
µ(K) > 0, otherwise E = ∅ and any s ∈ S \L will do (by Lemma 3.5, S cannot be contained in
L). We can clearly decrease δ as to have 0 < δ < µ(K).
Let E0 ⊂ K, s0 ∈ S∩L and λ0 ∈ Γ\{0} satisfy the assumptions of the theorem with ε, δ > 0.
Set
t0 :=
{
s0 if |λ0| > 1
s−10 if |λ0| < 1
.
Then
ess sup
t0E0
ω < ε
and µ(E0) > µ(K)−δ = δ1 > 0. There is next a compact subsetK1 ⊂ E0 such that µ(E0\K1) <
δ1
9
and ε1 := ess inf
t0K1
ω > 0.
By induction, we can choose for n > 0 sequences En, Kn of compact sets, sn ∈ S ∩ L,
λn ∈ Γ \ {0}, εn > 0 (with K0 := K and ε0 := ε) as follows. For a given n > 1, one chooses first
En, λn, sn such that
En ⊂ Kn, µ(Kn \ En) <
δ1
9n
, |λn| ess sup
snEn
ω < εn,
1
|λn|
ess sup
s−1n En
ω < εn.
Setting
tn :=
{
sn if |λn| > 1
s−1n if |λn| < 1
,
we have then
ess sup
tnEn
ω < εn. (5.1)
Now we choose Kn+1 so that
Kn+1 ⊂ En, µ(En \Kn+1) <
δ1
9n+1
, εn+1 := ess inf
tnKn+1
ω > 0. (5.2)
Setting Dn = tnEn, as in the proof of [1, Theorem 8], we first note that
µ(Dn) = µ(En) > µ(Kn)−
δ1
9n
> µ(En−1)−
2δ1
9n
,
so that by induction
µ(Dn) > µ(E0)−
n∑
k=1
2δ1
9k
>
3
4
δ1.
Next, the estimates (5.1) and (5.2) imply that µ(tnKn+1 ∩ tkEk) = 0 for any k > n, so that up
to a null set,
Dn ∩Dk = tnEn ∩ tkEk ⊂ tnEn \ (tnKn+1),
and
µ
( ⋃
k>n
(Dn ∩Dk)
)
6 µ
(
tnEn \ (tnKn+1)
)
<
δ1
9n+1
.
It follows, in its turn, that
µ
( ⋃
k<n
(Dn ∩Dk)
)
6
∑
k<n
δ1
9k+1
<
δ1
8
,
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and as a consequence
µ
( ⋃
n6N
Dn
)
>
N∑
n=1
µ
(
Dn \
⋃
k<n
Dk
)
>
N∑
n=1
[
µ(Dn)− µ
( ⋃
k<n
(Dn ∩Dk)
)]
>
N∑
n=1
[
3
4
δ1 −
1
8
δ1] =
5N
8
δ1.
But now µ(LE0 ∪ L−1E0) > µ(∪∞k=1Dk) = +∞, which is impossible since LE0 ∪ L
−1E0 is
compact. 
Proof of Theorem 5.1. For K ⊂ G, denote ess sup
K
ω by ‖ω‖∞,K. Let us show that condition (2)
of Theorem A holds. Let (Fn)n>1 be an increasing sequence of compact sets of positive measure
and let (δn)n>1 be a sequence of positive numbers. We can assume that δ1 <
1
2
, δn < µ(Fn) and
δn+1 <
δn
2
for every n > 1. Set F0 = ∅, s0 = e and λ0 = 1. By induction, we choose sequences
(sn)n>1 ⊂ S and (λn)n>1 ⊂ Γ \ {0} as follows. If sk, λk are chosen for k = 0, . . . , n− 1, set
En := (
⋃
k<n
skFn) ∪ (
⋃
k<n
Fk ∪ s
−1
k Fk) and Cn := maxk<n
‖Tsk‖ > 1.
Set εn = (2
nCnµ(E
′
n)
1/p)−1. There exist a compact set E′n ⊂ En and sn ∈ S, λn ∈ Γ such that
µ(En \ E′n) <
δn
2
,
|λn|‖ω‖∞,snE′n < εnmink<n
|λk| and
1
|λn|
‖ω‖∞,s−1n E′n
<
εn
maxk<n |λk|
.
Moreover, by Lemma 5.2 we can choose sn such that s
−1
n Fn ∩ s
−1
k Fk = ∅ for every k < n. Set
now
K0 = ∅ and Kn = Fn ∩ E
′
n ∩ sn(∩k>nE
′
k) for every n > 1.
For fixed n > 1, we have Fn ⊂ En and for every k > n, Fn ⊂ snEk, thus
µ(Fn \Kn) 6 µ(En \ E
′
n) + µ(∪k>nsnEk \ snE
′
k)
6
∑
k>n
µ(Ek \ E
′
k) <
∑
k>n
δk
2
<
∑
k>n
δn
2k−n+1
= δn.
Since the sets s−1n Fn are pairwise disjoint and s
−1
k Kk ⊂ E
′
n for every k < n, we have∑
n,k>0;n6=k
|λn|
p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
6
∑
n
(∑
k<n
|λn|
p
|λk|p
‖ω‖p
p,sns
−1
k
Kk
+
∑
k>n
‖Tsn‖
p |λn|
p
|λk|p
‖ω‖p
p,s−1
k
Kk
)
6
∑
n
( |λn|p
mink<n |λk|p
‖ω‖pp,snE′n +
∑
k>n
‖Tsn‖
p |λn|
p
|λk|p
‖ω‖p
p,s−1
k
E′
k
)
<
∑
n
( |λn|p
mink<n |λk|p
‖ω‖p∞,snE′nµ(E
′
n) +
∑
k>n
Cpk
|λn|p
|λk|p
‖ω‖p
∞,s−1
k
E′
k
µ(E′k)
)
6
∑
n
(
εpnµ(E
′
n) +
∑
k>n
Cpkε
p
kµ(E
′
k)
)
<
∑
n
( 1
2np
+
∑
k>n
1
2kp
)
< +∞.

Corollary 5.3. If for every compact subset K of G there exists λ ∈ Γ \ {0} such that
inf
s∈S
max
{
|λ| ess sup
sK
ω ;
1
|λ|
ess sup
s−1K
ω
}
= 0,
then Lp(G,ω) has a (Γ, S)-dense vector.
If we know that all translations are bounded, on the left and on the right, then we get the
following proposition. It implies Proposition 1.4 when G is abelian.
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Proposition 5.4. Let ω be a continuous weight such that for every s ∈ G, we have
M(s) := sup
t∈G
ω(st)
ω(t)
< +∞ and R(s) := sup
t∈G
ω(ts)
ω(t)
< +∞.
Then the following conditions are equivalent:
(1) There exists a (Γ, S)-dense vector in Lp(G,ω).
(2) For every compact set K ⊂ G, there exist sequences (sn)n>1 ⊂ S and (λn)n>1 ⊂ Γ \ {0}
such that
lim
n→+∞
|λn| sup
t∈K
ω(snt) = 0 and lim
n→+∞
1
|λn|
sup
t∈K
ω(s−1n t) = 0.
(3) There exist sequences (sn)n>1 ⊂ S and (λn)n>1 ⊂ Γ \ {0} such that
lim
n→+∞
|λn|ω(sn) = 0 and lim
n→+∞
1
|λn|
ω(s−1n ) = 0.
Proof. Note that M or R being finite implies already that ω can be chosen continuous [8,
Theorem 2.7], so that we can assume it from the beginning. It is clear that (2) ⇒ (3). By
Theorem 5.1, we have (2) ⇒ (1). Let us show first that (3) ⇒ (2). Fix a compact set K ⊂ G.
By [7, Proposition 1.16], we know that M and R are locally bounded. It is easy to see that for
s ∈ S and λ ∈ Γ \ {0},
max{|λ| sup
t∈K
ω(st) ;
1
|λ|
sup
t∈K
ω(s−1t)} 6 sup
t∈K
R(t) max{|λ|ω(s) ;
1
|λ|
ω(s−1)},
thus (2) and (3) are equivalent. Let us show now that (1)⇒ (3). Let F ⊂ G be a compact set
of nonzero measure. By applying condition (2) of Theorem A with Fn = F and δn =
µ(F )
4
, we
get sequences (sn)n>1 ⊂ S, (λn)n>1 ⊂ Γ \ {0} and a sequence of compact sets Kn ⊂ F such
that µ(F \Kn) < δn and
lim
n→+∞
|λn|‖ω‖p,sns−11 K1
= 0 and lim
n→+∞
1
|λn|
‖ω‖p,s1s−1n Kn = 0. (5.3)
In particular, for every n > 1 we have µ(Kn∩K1) >
µ(F )
2
. Let C > 0 be such thatM(s−11 ) 6 C
and R|K−1
1
∪K−1
1
s1
6 C. As in the proof of [1, Proposition 12], we get
ω(sn) = inf
t∈s−1
1
K1
ω(sntt
−1) 6 C inf
t∈s−1
1
K1
ω(snt) 6 C‖ω‖p,sns−11 K1
µ(K1)
−1/p
and
ω(s−1n ) = inf
t∈K1∩Kn
ω(s−11 s1s
−1
n tt
−1) 6 C2 inf
t∈K1∩Kn
ω(s1s
−1
n t)
6 C2‖ω‖p,s1s−1n Knµ(K1 ∩Kn)
−1/p < 2C2µ(F )−1/p‖ω‖p,s1s−1n Kn .
Combining the last inequalities with (5.3), we obtain
max{|λn|ω(sn) ;
1
|λn|
ω(s−1n )} −→n→+∞
0.

We can now easily obtain the following corollary, which provides for several types of Γ a
complete characterization of (Γ, S)-density only in terms of the weight.
Corollary 5.5. Let ω be a continuous weight such that for every s ∈ G,
M(s) := sup
t∈G
ω(st)
ω(t)
< +∞ and R(s) := sup
t∈G
ω(ts)
ω(t)
< +∞.
Then the following conditions hold:
(1) If Γ \ {0} is bounded and bounded away from zero, there is a (Γ, S)-dense vector in
Lp(G,ω) if and only if
inf
s∈S
max{ω(s);ω(s−1)} = 0.
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(2) There is a ([0, 1], S)-dense vector in Lp(G,ω) if and only if
inf
s∈S
max{ω(s)ω(s−1);ω(s−1)} = 0.
(3) There is a ([1,+∞[, S)-dense vector in Lp(G,ω) if and only if
inf
s∈S
max{ω(s)ω(s−1);ω(s)} = 0.
(4) There is a (C, S)-dense vector in Lp(G,ω) if and only if inf
s∈S
ω(s)ω(s−1) = 0.
Proof. In view of Proposition 5.4, the case (1) is easy to check. Suppose that the condition on
ω in (2) holds. For every k > 1 there exists sk ∈ S such that
ω(sk)ω(s
−1
k ) 6
1
k2
and ω(s−1k ) 6
1
k2
.
If we set λk = k ω(s
−1
k ) then 0 6 λk 6
1
k
6 1 and
λkω(sk) = k ω(sk)ω(s
−1
k ) 6
1
k
,
1
λk
ω(s−1k ) =
1
k
.
Thanks to Proposition 5.4, Lp(G,ω) has a ([0, 1], S)-dense vector. The converse follows easily
from Proposition 5.4. The proof of (3) is similar. For (4), by Proposition 5.4, the condition on
ω is necessary. Assume now that inf
s∈S
ω(s)ω(s−1) = 0. For every k > 1 there exists sk ∈ S such
that
ω(sk)ω(s
−1
k ) 6
1
k2
.
Set λk = ω(s
−1
k )
1/2ω(sk)
−1/2, then
λkω(sk) = ω(s
−1
k )
1/2ω(sk)
1/2
6
1
k
−→
k→∞
0
and
1
λk
ω(s−1k ) = ω(s
−1
k )
1/2ω(sk)
1/2 6
1
k
−→
k→∞
0,
so that by Proposition 5.4, Lp(G,ω) has a (C, S)-dense vector. 
The following example shows that we do need all translations bounded to have the equivalence
(4) in Corollary 5.5. The given weight is S-admissible, but not G-admissible.
Example 5.6. Let G = Z, S = Z \ N and let ω be the weight defined on G by
ωn =
{
22
n
if n > 0
2−2
−n+1
if n < 0
.
Then, we have
inf
n∈S
ωnω−n = 0 and sup
k∈Z
ωn+k
ωk
< +∞ for all n ∈ S,
so that the condition (4) of Corollary 5.5 holds. But Lp(G,ω) doesn’t have a (C, S)-dense vector,
since lim inf
n→+∞
ωn+1ω−n+1 6= 0 (see [2, Theorem 1.38]).
6. Commutative subgroups
We keep the same assumptions on G,S, p,Γ, ω as before. If the subgroup generated by S is
abelian, Theorem B below shows that the converse implication of Theorem 5.1 is also true. For
convenience, we will recall Theorem B with an additional equivalent condition.
Theorem B. If the subgroup generated by S is abelian, then the following conditions are
equivalent:
(1) There is a (Γ, S)-dense vector in Lp(G,ω).
(2) For any compact subset F ⊂ G and ε > 0, there are s ∈ S, λ ∈ Γ \ {0} and a compact
subset E ⊂ F such that µ(F \ E) < ε and
|λ|ess sup
t∈E
ω(st) < ε and
1
|λ|
ess sup
t∈E
ω(s−1t) < ε.
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(3) For any compact subset F ⊂ G and ε > 0, there are s ∈ S, λ ∈ Γ \ {0} and a compact
subset E ⊂ F such that µ(F \ E) < ε and
|λ| ‖ω‖p,sE < ε and
1
|λ|
‖ω‖p,s−1E < ε. (6.1)
Proof of Theorem B. According to Theorem 5.1, (2)⇒ (1) holds for any set S and S-admissible
weight. We will prove that (1)⇒ (3), and we leave (3)⇒ (2).
Let us show that (1)⇒ (3). Let F be a compact subset of G and ε > 0. It is clear that we can
assume that F has a positive measure. For every n > 1, set Fn = F and δn = 2
−n. By Theorem
A, there are (sn)n>1 ⊂ S, (λn)n>1 ⊂ Γ \ {0} and En ⊂ F compact such that µ(F \ En) < δn
and ∑
n,k>0;n6=k
|λn|p
|λk|p
‖ω‖p
p,sns
−1
k
Ek
< +∞
with s0 = e, λ0 = 1 and E0 = ∅. In particular,
lim
k→+∞
1
|λk|p
‖ω‖p
p,s−1
k
Ek
= 0. (6.2)
Let us fix k > 1 such that δk <
ε
2
and set C := ‖Tsk‖. We have
‖ω‖pp,snEk =
∫
sksns
−1
k
Ek
ω(t)pdµ(t) 6 Cp‖ω‖p
p,sns
−1
k
Ek
Since |λn|‖ω‖p,sns−1k Ek
−→
n→+∞
0, it follows
|λn|‖ω‖p,snEk −→n→+∞
0. (6.3)
By (6.2) and (6.3) there exists n > k such that
1
|λn|
‖ω‖p,s−1n En < ε and |λn|‖ω‖p,snEk < ε.
If we set E = Ek ∩ En, s = sn and λ = λn, we have µ(F \ E) 6 µ(F \ Ek) + µ(F \ En) <
δk + δn 6 2δk < ε, and
|λ| ‖ω‖p,sE < ε and
1
|λ|
‖ω‖p,s−1E < ε.

Remark 6.1. The condition (2) is independent of p, which means that it applies to any p. We
have however to make sure that the usual condition ω ∈ Lploc(G) is satisfied, and this one does
depend on p.
For special types of Γ, one can characterize (Γ, S)-density only in terms of the weight, similarly
to Corollary 5.5.
Corollary 6.2. If the subgroup generated by S is abelian, then:
(1) There is an S-dense vector in Lp(G,ω) if and only if for any compact subset F ⊂ G and
ε > 0, there are s ∈ S and a compact subset E ⊂ F such that µ(F \ E) < ε and
ess sup
t∈E
ω(st) < ε, ess sup
t∈E
ω(s−1t) < ε.
(2) There is a ([0, 1], S)-dense vector in Lp(G,ω) if and only if for any compact subset
F ⊂ G and ε > 0, there are s ∈ S and a compact subset E ⊂ F such that µ(F \ E) < ε
and
ess sup
t∈E
ω(s−1t) < ε, ess sup
t∈E
ω(st) ess sup
t∈E
ω(s−1t) < ε.
(3) There is a ([1,+∞[, S)-dense vector in Lp(G,ω) if and only if for any compact subset
F ⊂ G and ε > 0, there are s ∈ S and a compact subset E ⊂ F such that µ(F \ E) < ε
and
ess sup
t∈E
ω(st) < ε, ess sup
t∈E
ω(st) ess sup
t∈E
ω(s−1t) < ε.
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(4) There is a (C, S)-dense vector in Lp(G,ω) if and only if for any compact subset F ⊂ G
and ε > 0, there are s ∈ S and a compact subset E ⊂ F such that µ(F \ E) < ε and
ess sup
t∈E
ω(st) ess sup
t∈E
ω(s−1t) < ε.
Proof. The assertion (1) is a part of [1, Theorem 10]. If in (2) there is a ([0, 1], S)-dense vector,
then, as 1/|λ| > 1, the condition on ω follows from (2) of Theorem B. Let us prove the converse.
Suppose that the condition on ω in (2) holds. Let F ⊂ G be a compact set. If µ(F ) = 0, the
inequalities in (2) of Theorem B hold with E = ∅ and any s and λ. We can assume therefore
that µ(F ) > 0. For every k > 1 there exist sk ∈ S and a compact subset Ek ⊂ F such that
µ(F \ Ek) 6
1
k
ess sup
t∈Ek
ω(s−1k t) <
1
k2
and ess sup
t∈Ek
ω(skt) ess sup
t∈Ek
ω(s−1k t) <
1
k2
.
Set ck = ess sup
t∈Ek
ω(skt), dk = ess sup
t∈Ek
ω(s−1k t). For k big enough, the measure of Ek is positive
so that ck > 0 and dk > 0. Set λk = kdk (If dk = 0, which may happen for a finite number of
k, we set λk = 1). Thus for each k, we have λk ∈ (0, 1],
λkck −→
k→∞
0 and
1
λk
dk −→
k→∞
0.
Thanks to the assertion (2) of Theorem B, Lp(G,ω) has a ([0, 1], S)-dense vector. The proof of
(3) is similar. For (4), the direct implication follows immediately from (2) of Theorem B. Let
us prove that the condition on ω in (4) implies that Lp(G,ω) has a (C, S)-dense vector. We will
show that the assertion (2) of Theorem B holds. Let F ⊂ G be a compact set, and as in (2), we
can assume that µ(F ) > 0. For every k > 1 there exist sk ∈ S and a compact subset Ek ⊂ F
such that µ(F \ Ek) 6
1
k
and
ess sup
t∈Ek
ω(skt) ess sup
t∈Ek
ω(s−1k t) <
1
k
.
Set ck = ess sup
t∈Ek
ω(skt), dk = ess sup
t∈Ek
ω(s−1k t) and λk = d
1/2
k c
−1/2
k (or λk = 1 if ck = 0; as in (2),
this may happen only for a finite number of k). Now
λkck −→
k→∞
0 and
1
λk
dk −→
k→∞
0.
Thanks to the assertion (2) of Theorem B, Lp(G,ω) has a (C, S)-dense vector. 
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